Abstract. In this paper we develop a mathematical model for the dynamics of a nonlinear Timoshenko beam with piezoelectric actuation. This model can then be used to design controllers with the goal of achieving a desired shape of the beam. The control scheme can be used for several applications, e.g., vibration control in structures or shape control for high-precision structures like inflatable space reflectors. The starting point of the control design is modeling for control. We do this in the framework of port-Hamiltonian (pH) modeling, which has favorable properties, such as passivity and a Hamiltonian representing the energy and serving as a Lyapunov function, that can be exploited for controller design. An important property of the pH modeling framework is that it facilitates modeling multiphysics systems or systems which consist of several subsystems, where all parts are modeled separately and then can be interconnected easily. This is possible because any interconnection of finite dimensional pH systems yields again a finite dimensional pH system. Hence, the pH framework is useful for our multidomain modeling purpose.
Introduction.
In this paper, we develop a port-Hamiltonian (pH) model for a nonlinear Timoshenko beam with piezo actuation. The work is motived by a project where we deal with the modeling and control of inflatable space structures. In fact, such structures can be viewed as piezoelectric Mindlin plates [25] . Here we consider a cut through such plate, i.e., piezoelectric Timoshenko beams are considered.
Inflatable structures are a very promising technology for space applications [8] . With this emerging technology one is able to build bigger spacecraft, which are cheaper in terms of costs but still use the same space in the orbiting device. As a consequence, the developments may enable us to build bigger solar panels and reflectors.
Due to the fact that any inflatable structure is built out of a polymer casing which is folded on earth and then inflated with a gas in space, an inflatable structure cannot have the same surface accuracy as a rigid body. This disadvantage is the reason inflatable structures are currently not the best option for high-accuracy situations, such as are necessary for reflectors. An inflatable space reflector can be used for various space observation projects. The advantages of an inflatable space reflector are obvious. Due to the foldability of the inflatable structure we are able to build reflectors which are about one magnitude bigger than the rigid reflectors used at the moment. However, the surface accuracy of such an inflatable space reflector must be extremely high, since the root mean square error of the surface must be about 20 times smaller than the wavelength of the reflected radiation. It is difficult to achieve this kind of accuracy due to, for example, the folding of the reflector for storage, resulting in wrinkles when unfolded. Therefore, actively influencing the shape of the inflatable structure is necessary. As a possibility for changing the shape one could use smart materials which have the possibility to change their properties on demand (up to a certain range which is limited by the type of material), e.g., piezoelectric polymers [24] . Piezoelectric polymers are able to change shape by means of an applied voltage. Since these materials are made of polymers it is possible to build extremely thin actuators which can then be bonded to the casing of the inflatable structure.
To change the shape one can use several hundred actuator patches, made of piezoelectric polymers, which are bonded to the actual reflective shell of the reflector, the so-called base layer. The actuators are spread out over the whole surface for changing the shape of the reflecting surface locally. If one applies a current to the actuators, the piezoelectric material will change its length, and due to the bonding to the shell of the reflector the reflecting surface will bend locally. The final goal is then to develop a control algorithm which uses the piezoelectric effect to remove disturbances on the surface. But to be able to do this one needs a mathematical model which describes the dynamics of the real-world object to be controlled.
In this paper we show how to develop a model for a nonlinear Timoshenko beam with piezo actuation, representing a cut through the inflatable space reflector, in the pH modeling framework [21, 2] . The physics of the system allows one to model the dynamics in pH form. An important characteristic of pH systems is that the system is guaranteed to be passive, i.e., the input-output ports form a passive pair. Moreover, for finite dimensional pH systems another important property is that appropriate interconnection of two such systems yields a finite dimensional pH system. Furthermore, passive systems with dissipation can be strictly passive, a useful property for proving asympotic stability of an equilibrium point. One can then exploit the interconnection structure and the equilibrium property of pH systems to design a controller.
One of the most important properties of pH systems is that the interconnection of pH models is done via the energy flow between the two systems through the power ports. This makes the pH modeling framework very useful if one wants to model multiphysics phenomena and very complex systems. Hence, one can model one simple domain/subsystem of the total system, e.g., model the mechanical domain of an electromechanical system. Then one determines the energy exchange of that subsystem, e.g., via constitutive equations. From the description of the energy exchange between the systems one can easily determine an interconnection law to interconnect all subsystems. Note that it is also possible to model mixed finiteinfinite dimensional systems like flexible link manipulators. This leads to a very efficient way to model complex systems, by dividing the complex model into several more simple models, which are then interconnected in an energy conserving manner.
The framework of pH systems has been successfully used to model mechanical, electrical, chemical, and electromechanical systems for both finite dimensional and infinite dimensional phenomena; see [20, 14, 9, 1] . Of course a model in pH form will be equivalent to models in other frameworks, but they do not share the properties which make models in pH framework so suitable for control.
We show how to model a piezoelectric beam as a nonlinear Timoshenko beam. In the past we also developed a model for a nonlinear Euler-Bernoulli beam [29] . Although the Euler-Bernoulli beam was a good starting point due to its lower complexity, the Euler-Bernoulli beam model was not suitable for our purpose because of its lack of ability to simulate clamping. This problem can be circumvented by using a nonlinear Timoshenko beam. A model for a linear, purely mechanical Timoshenko beam with boundary control was developed in [10, 4, 5] , while a model for a purely mechanical flexible link actuator with large deformations and boundary actuation was presented in [11] . We develop a nonlinear pH model for a piezoelectric Timoshenko beam, i.e., a multiphysics model. When the model is obtained, we use it to develop a model for a piezoelectric composite which consists of a purely mechanical part (the outer shell of the inflatable) to which a piezoelectric element (the actuator for the inflatable) is bonded.
In [12] a model for a purely piezoelectric beam with linear deformations and a quasi-static field is derived. The approach proposed here differs, since we derive a model which can represent nonlinear deformations of the beam and we model a dynamic electrical field. Additionally we derive the equations of motion by using the generalized Hamiltonian's principle; see [15] . Another model for piezoelectric material has been presented in [16] . The approach proposed here differs since in [16] the position is chosen as state, while we propose a model with the strain as state. Moreover, similarly to [12] the authors of [16] do not model a dynamic electromagnetic field, while we do. In [26] we show that the inclusion of the dynamic electromagnetic field is crucial for stabilization of the structure preserving discretized model.
The paper is organized as follows. In section 2 we introduce the physics we are using to derive the one-dimensional (1-D) model of a piezoelectric composite in the nonlinear Timoshenko beam framework. Additionally, in section 3, we give a short overview of the concept of pH modeling and why this modeling framework is so suitable to design controllers. Then we show how to derive a model of a purely piezoelectric beam with a quasi-static electrical field in the pH framework; see section 4. We combine this model in section 5 with a purely mechanical beam to derive a model of a piezoelectric composite. After we show that a model with a quasi-static electrical field is uncontrollable, in section 6 we derive a model with a dynamic electrical field for which we prove that it is controllable.
The proposed model can also be used for modeling other structures, namely, any flexible structure with piezo actuation, e.g., for vibration control in civil engineering.
Background on continuum dynamics and the piezoelectric effect.
In this section we briefly introduce the physics to be used in the following sections. In this paper we focus on linear materials and large deformations [18] . The reason we consider large deformations in combination with linear materials is that we want to derive a model which can be used for control design. If one designs a controller it is desired that the controller is robust, i.e., that the controller is still able to achieve the goal with a certain accuracy even if there are, e.g., modeling errors. In the case of piezoelectric material the usage of linear approximations of some nonlinear material properties is a valid approximation for the modeling in the case of control design, since the controller will be able to handle the modeling errors which are caused by using linear material properties. For simplicity of notation we will omit the spatial and time dependency if it is clear from the context. In Table 1 .1, the variables and symbols used are summarized..
We start by defining the strain ε of the beam which is a measure of deformation of the beam. The strain ε in the beam is related to the deformation u of the beam. The deformation of the beam is described as a vector which gives the deformation in the z 1 -direction (u 1 ), z 2 -direction (u 2 ), and z 3 -direction (u 3 ). The deformation is 
where i, j ∈ {1, 2, 3}. Hence, the strain at a given point consists of nine components but only six of the components are unique since it holds that ε 31 = ε 13 , ε 21 = ε 12 and ε 23 = ε 32 . We are also able to write the strain in a six-dimensional vector.
where ε 11 , ε 22 , and ε 33 are the normal strains in the z 1 -, z 2 -, and z 3 -directions respectively, and ε 13 , ε 12 , and ε 23 are the shear strains. Every element of the strain vector is a continuous scalar function of space, i.e., ε ij ∈ C 0 : R 3 → R. At any point where the beam is deformed (ε = 0) a stress will be present. For example, if the beam is stretched in the z 1 -direction the strain ε 11 will be positive. This stretching results then in a stress also in the z 1 -direction, which we denote σ 11 . Hence, there exists a relation between stress and strain. The stress in the beam at a certain position is described in the same way as the strain, so it consists of six components where the first three describe the normal stresses and the last three describe the shear stresses at a given point σ ij ∈ C 0 : R 3 → R . Here we use linear material properties (Hooke's law) for the relation between stress and strain which can be stated as
where C ∈ R 6×6 is the material stiffness matrix which relates stress and strain. In this paper we assume only homogeneous materials, so the matrix C is a constant matrix.
For piezoelectric materials the piezo effect can induce an additional stress in the material which is caused by an electrical field (actuation property). Similarly the deformation of the piezoelectric element also changes the electrical field in the element (sensing property). These properties result in coupled constitutive relations for piezoelectric materials [17] and can be described as
Here
is the electrical field in the piezo element at a specific point in space. Each element of the electrical displacement and the electrical field is an element of C 0 : R 3 → R. The parameter e ∈ R 3×3 is the electrical permittivity matrix and describes the relation between the electrical displacement and the electrical field. The piezoelectric constant matrix e ∈ R 3×6 of the material describes the relation between the electrical field E and the stress σ. We assume that all material property matrices are constant and so spatially independent.
Next we derive the mechanical equations of motion for the model via the generalization of Hamilton's principle [15] . This principle states that for a mechanical system it must hold that
2´V ρ||u|| 2 dV is the kinetic energy of the beam with ρ the mass of the beam material;
• P = 1 2´V σ εdV is the potential energy; note that the stress σ for a piezoelectric material depends on the strain ε and the electrical field E; • W =´V f V udV +¸B f B udB is the energy induced into the system by external forces (body forces f V and surface forces f B ). For all these energies V is the volume of the structure and B its surface. We denote bý V •dV the volume integral and by¸B •dB the surface integral of the given structure. One can rewrite (2.3) as equations of motion in integral form
In order to derive the equations of motion in differential form we use (2.4).
In section 4 the electrical equations of motion are derived from the constitutive equations (2.2), and in section 6 we derive them via Maxwell's equations of motion.
3. pH modeling of finite and infinite dimensional systems. In this section we introduce the pH modeling framework; see [21, 2] . The reason we use pH systems to do modeling for control is that pH systems have specific properties which make them suitable for control design. Also as discussed in section 1, it is useful to model complex finite dimensional systems by modeling simpler parts independently and then interconnect the systems. This is how one can describe the dynamics of the complex model. As a consequence, the modeling effort is smaller when using this "divide and conquer" approach to model complex systems. Here, we provide a very brief introduction to finite dimensional pH systems and refer the interested reader to [3] . The extension to the case of infinite dimensional systems, e.g., [14, 9] , will also be introduced.
Finite dimensional systems.
A finite dimensional pH system in local coordinates can be described aṡ
where
m and y ∈ R m are the inputs and outputs, respectively; together they define the ports of the system;
n×n is the interconnection matrix and depends smoothly on x;
n×n is the resistance matrix and is symmetric positive semidefinite (R(x) = R (x) ≥ 0); also R(x) depends smoothly on x; • B(x) : X → R n×m is the input force matrix and depends smoothly on x; • H(x) : X → R with H(x) > c > −∞ ∀x ∈ X is the so-called Hamiltonian of the system, and H(x) represents the stored energy in the system.
Note that for this system the energy-balancing property holds, i.e.,
Hence, the Hamiltonian is a storage function and therefore a candidate Lyapunov function for the unforced system. Also it follows from (3.2) that the system is passive. The last property we would like to point out is that the interconnection of two finite dimensional pH systems is a finite dimensional pH system. This property can be exploited for finite dimensional control design which is based on shaping the energy system of the to-be-controlled system by interconnection with another passive system (the controller).
Infinite dimensional systems.
An infinite dimensional pH system consists of a Hamiltonian and an interconnection structure, much like a finite dimensional system. Here, we do not use the Stokes-Dirac structure formalism, which in general is an elegant way to describe the dynamics of the infinite dimensional pH system in a geometric way; see [14, 9] . However, in the case of our 1-D system the difference between the classical PDE formalism and the geometric formalism only lies in the notation. The exterior derivative d is equivalent to the standard partial derivative
For an n-D system, n > 1, the geometric formulation of the Stokes-Dirac formulation is certainly a huge advantage and should be used.
In the case of our piezoelectric beam it is often assumed that the dissipation can be neglected, and therefore we model our beam as dissipation free. Of course it is possible to include dissipation in the infinite dimensional case; see [14, 9, 3] . The energy function of an infinite dimensional system can be described as
where H(x(z)) is the energy density depending on the state x at a specific point z ∈ V in the n-dimensional volume V ⊆ Z. We define ∂V as the boundary of the volume V . Note that from now on we will neglect the spatial dependency of the state x if it is clear from the context. In the finite dimensional case we calculate the gradient of the Hamiltonian to define the equations of motion, but this is not possible for the infinite dimensional case. Instead of calculating the gradient we have to calculate the variational derivative of H(x), which is defined as
We have to replace the interconnection matrix in the infinite dimensional setting with a formal skew-adjoint differential operator J(x) = −J(x) * . If we assume the operator J(x) can be stated as
where f (x) is an arbitrary function, then the formal adjoint J * is given as
Now we can define an infinite dimensional pH system aṡ
Note that this system is an autonomous system. Next, we have to include the ports. An infinite dimensional system, different from the finite dimensional case, has two possible types of ports via which one can inject/extract energy to/from the system, depending on the nature of the system.
• Boundary ports. Here the input acts directly at the boundary of the spatial domain of our infinite dimensional systems and the outputs are functions of
where B(x b ) and C(x b ) are boundary operators. For the chosen application the boundaries are clamped, so there is no possibility of adding a port. An example of a boundary port is a force acting on one side of a flexible beam.
• Distributed ports. The second class of ports for infinite dimensional systems is the so-called distributed ports. These ports influence the dynamics of the whole or a subdomain of the spatial domain of our system. This is, for example, the case for piezoelectric actuation of a beam because we are inducing a stress to the beam at every point of the piezoelectric actuator. The dynamics of the system in this spatial domain where the actuation takes place can be described asẋ
where the operator B is the input force operator and u is the given input. As for the finite dimensional case (3.2) we can also prove that an infinite dimensional system in pH form is energy conserving, i.e.,
4. pH modeling of a piezoelectric Timoshenko beam with quasi-static electrical field. In this section we introduce a pH model for a flexible purely piezoelectric beam, described in the nonlinear Timoshenko framework. The reason we choose a Timoshenko beam instead of an Euler-Bernoulli beam is that a Timoshenko beam is able to simulate the clamping of the sides of the beam. In section 5 we combine this model with a purely mechanical model to derive a model of a piezoelectric composite.
We consider in this section a quasi-static electrical field, so there is no magnetic field. We assume that a surface force is acting on the beam, in our case a pressure at the lower part of the structure. At all other sides of the beam we assume no acting force.
The derivation of the pH model can be subdivided into four parts. First we define the strain and the electrical field in the beam. We also need to define the geometry of the beam. The second step is to derive the Hamiltonian of the beam that describes the energy stored in the structure. Third, we calculate the equations of motion with the generalization of Hamiltonian's principle. The last step is then to define an interconnection structure which represents the physics of the system and gives us the final pH model.
Strain and electrical field of the beam.
To derive the distributed pH model for the beam, we first have to determine the strain in the beam which is caused by its deformation. The strain can then be used to calculate the strain energy (potential energy) induced in the beam due to the deformation.
For a Timoshenko beam it is assumed in general that the displacement takes place in the z 1 -and z 3 -directions only, so we assume the displacement 
where ε 11 is called the normal strain in the z 1 -direction and ε 13 is called the shear strain in the z 1 z 3 -direction. As often done in the Timoshenko framework we assume 
. Deformation of a beam under external influences (left), cross-sectional area of the beam (right).
that ∂ ∂z1 u 1 1 and ∂ ∂z3 u 3 1. So, we can neglect multiplicities of these terms resulting in the following simplified strains:
Note that we have multiplied the shear strain with factor 2 in order to simplify the derivation. Hence we have to redefine the shear stress as 13 . Before we define the energies stored in the beam due to bending, we have to define the geometry of the beam. The beam has length Let us now make some assumptions for the electrical field E of the piezoelectric beam. In order to be able to connect the beam to an electrical power source we assume that the upper and lower sides of the piezoelectric material are covered with an electrode. Due to the applied electrical charge an electrical field between the two electrodes will emerge. We choose the width of the electrode g e (z 1 ) such that it depends on the position along the beam. The reason for having a variable width is so that one can use an additional degree of freedom to optimize the force distribution along the beam, not as active control input, but for optimizing the structure.
The structure of the electrodes and the piezoelectric material is similar to a parallel plate capacitor. This means we can assume, similar to a plate capacitor, that the electrical displacement between the electrodes is given by D 3 = q Aq with q the total charge of the electrodes and A q =´L 0 g e (z 1 )dz 1 the area of the electrodes. Note that we consider an electrical field in the z 3 -direction only (D 1 = D 2 = 0).
The geometry of the electrodes has to be chosen in advance. To this aim we can optimize the actuation properties of the patches depending on the position in the total structure with the width of the electrodes.
Hamiltonian of the piezoelectric beam.
For every pH model one of the most crucial points is to derive the Hamiltonian of the system which represents the energy stored in the total system. For a piezoelectric element the Hamiltonian consists of three different parts: the kinetic energy K and two potential energies, namely, the strain energy P m and the electrical energy P e stored in the system. Then we can state the Hamiltonian in the following general form:
where V is the volume of the beam. This is the Hamiltonian defined as a volume integral, but we want to describe a 1-D beam so it is clear that two dimensions are obsolete. We can write the Hamiltonian as a line integral (1-D) if we integrate over the cross-sectional area, since all variables depend only on the z 1 coordinate. We do the reduction of dimensionality from volume to line of the Hamiltonian in two steps, starting with the kinetic energy and finishing with the potential energy.
Kinetic energy.
The kinetic energy of our beam can be described as
If we define the moment of a specific point in the beam p a = ρu we can express the kinetic energy in the beam as follows:
Then we are able rewrite the kinetic energy as 
Potential energy.
The potential energy stored in the beam can be described as
To derive the potential energy stored in the beam we first derive a simplification of the strain and stress in the beam. We use the following parametrization of the strain in the x-direction:
,
The reason for this is that we now are able to choose the strain parameters (ε 0 11 , ε 1 11 , ε 13 ) as state variables instead of using position parameters (u 0 , w , φ, φ ) as states and so can reduce the number of state variables in the final model.
The stresses in our beam are given by
where C E is Young's modulus and G E is the shear modulus. The potential energy of the beam is then given by
Since for the Timoshenko beam we have two strains, we have to consider in which direction the piezoelectric material is polarized. We want that the material expands in the z 1 -direction if we apply an electrical charge. Accordingly, the constitutive equations are given by
If we then use the definition of the strain (4.1), the potential energy can be simplified to
Hamiltonian of a 1-D piezoelectric Timoshenko beam. Combining the two results we see that the Hamiltonian of a 1-D piezoelectric Timoshenko beam is given by
The Hamiltonian defined here will be used in section 4.4 for the definition of the pH model.
4.3.
Equations of motion of a piezoelectric beam. Now we derive the equations of motion for the piezoelectric beam by using the generalized Hamiltonian's principle. This is a necessary step to define the interconnection structure of the pH model. From section 2 we know that the following equations of motion in integral form must hold:ˆV
Now we reformulate this expression to achieve the equations of motion in differential form. We do this part by part. We start with the kinetic energy. We can rewrite the expression above in the following form:
The variation of potential mechanical energy P m of the system is given by
We have assumed as external force a pressure applied at the lower part; hence, we obtain
Since these equations must hold for any arbitrary δu 0 , δw, and δφ it follows that the integrand should be zero. Hence, one gets the following equilibrium equations:
The boundary conditions are fulfilled by the assumptions that the beam is clamped:
These equations of motion hold only for the mechanical part, but we also need an equation of motion for the electrical field E 3 . This has to be done because we are modeling a piezoelectric beam, so the mechanical domain influences the electrical domain and vice versa. To this aim we use the constitutive equations (2.2),
This equation must hold for every point in the piezoelectric beam ∀(z 1 , z 2 , z 3 ) ∈ V , and since a beam is a 1-D structure, it is possible to reduce the volume equation to a line equation. Therefore, we integrate the constitutive equations over the crosssectional area
If we now use the fact that the electrical displacement in a plate capacitor can be described as D 3 = q Aq we obtain
This equation must be fulfilled at all times, so it is a constraint to the system. The resulting system is a partial differential algebraic equation. One way to avoid the algebraic constraint (4.5) is to transform the algebraic equation into a dynamic equation. This can be done by taking the time derivative of the algebraic equations and by choosing appropriate initial values for the states such that this equation is fulfilled for t = 0. We can rewrite the algebraic constraint as a dynamical equation,
where I e =q is the current applied to the electrodes.
Interconnection structure and final pH model. Now we use the results
of the last subsections to derive an interconnection structure which is able to represent the equations of motion of the system in pH form.
As state of the pH system we choose x = (p, ε 
So, for the state variables x and the variational derivative of the Hamiltonian we can write (4.4) and (4.6) aṡ Hence, we can state the following pH model: The output y has the following physical interpretation. The first component of y represents the velocity of the beam at position z 1 , y 2 represents the z 3 velocity of the beam, and y 3 represents the voltage at position z 1 on the electrodes. The pH model of a beam without a piezoelectric property can be easily derived from this model by setting D 3 and E 3 to zero. The purely mechanical system can then be stated as 
This model is similar to those used in continuum mechanics [31] , except that here we have defined it in the pH framework.
Modeling of a 1-D piezoelectric composite.
In the last section we only defined a model for the dynamics of a pure piezoelectric beam, but as discussed in the introduction the final goal is to find a model for a piezo element which is stacked to a purely mechanical shell. This means that we have to define a system that describes the dynamics of a piezoelectric composite in the Timoshenko framework.
We assume that the composite consists of a base layer to which a piezoelectric layer is bonded. To define the dynamics, we can proceed as follows:
1. Consider first bonding the composite and then model the composite material as one beam. This approach yields one pH model of a beam which represents the physics of the composite. 2. Define a pH model for every layer independently and then interconnect the layers in a distributed fashion to achieve a pH model of the composite; see [12] . This approach has the disadvantage that the interconnection induces constraints on the strain for the two subsystems which typically yield unnecessary difficulties when we want to spatially discretize the system; see [6] . Moreover,the number of states will double since we now deal with two independent beams that are connected by a constraint. However, if one projects the constrained system to the constrained subspace this leads to a system similar to the one obtained when using the first approach. Note that finding such a projection is a very difficult task. Therefore, we choose the first approach. So, we first define the connection between the two layers. Since in the final system the piezoelectric layer is bonded to the base layer, the strains in all layers have to be the same, thus ensuring the perfect bonding. Hence,
In what follows we will use the subscripts b to identify the base layer and p to identify the piezoelectric layer. From the continuity of the strain it also automatically follows that u b = u p ⇒u b =u p .
Before we try to express the total stored energy as a line integral we have to define the geometry of the system; see Figure 5 .1. We assume that the base layer has a constant thickness (2g e ) and a constant height 2h b , while the length is L. On top of the base layer the piezoelectric layer is bonded. The height of the layer is h p and its width is 2d. We assume that the width is symmetric with respect to the z 1 -axis; hence the cross-sectional area of the piezo layer is
To simplify notation in the following paragraphs we define A tot = A b + A p .
Derivation of the pH model for the composite.
The energy stored in the composite will be the sum of the energies stored in the different layers,
In section 4 we defined the model for a piezoelectric Timoshenko beam as a line integral. Thus we can now combine these models to derive a model which describes the dynamics of the piezoelectric composite.
First we find a global expression for the total kinetic energy as a line integral. The kinetic energy is the same for both beam frameworks. The total kinetic energy is given by
For brevity, we now write the kinetic energy as
Next we do the same for the mechanical potential energy. It is the sum of the mechanical potential energies of the layers, so
In section 4 we derived an expression for the potential energy of a piezoelectric and a purely mechanical beam as line integral. Now we have to combine this expression to get the total potential energy of the composite. So
Now we can define the total stored energy in our composite as
The derivation of the equations of motion for the system can be done in the same way as in section 4. As state of the pH system we choose x = (p, ε 0 11 , ε 13 , ε 1 11 , E 3 ) . Then we can calculate the gradient of the Hamiltonian with respect to the chosen state x, which is given by ⎡
Since the only difference between a model for a piezo composite and a single piezo layer is the stored energy, the equation of motions in pH form are the same as (4.7) except that we use the Hamiltonian derived in this section. Note that we can also extend this process to derive models with more than one piezo layer to increase the actuation force or to use some layers as sensors while the others are used as actuators.
Problems with control.
For all models derived until now we have assumed that the electrical field is quasi-static, so the magnetic field is zero. This simplification is still able to capture the dynamics of the beam, but then the system that we obtain by pH structure preserving discretization [28] is not stabilizable [26] . This means that we are not able to design a controller based on the derived equations of motion. This result is obtained by the application of the following lemma. Note that the spatial discretization scheme [6] we use to derive a finite dimensional representation of the system is defined for pH systems in the differential geometric framework [14] , while here we use the classical PDE form. For a detailed discussion on the spatial discretization of the beam we refer the interested reader to [25, 28] .
Lemma 5.1. A necessary condition for the spatially discretized system (using the scheme proposed in [6] ) of a 1-D pH system with boundary input of the forṁ
, and P 1 = −P 1 ∈ R n×n to be asymptotically stabilizable around an equilibrium x * is that the matrix [P 0 , P 1 ] has full rank. Here [P 0 , P 1 ] describes the concatenation of the two matrices.
Proof. If we apply the spatial discretization scheme proposed in [6] to the given system we will obtain a finite dimensional system of the forṁ
where the matrix J f is constant and has the properties
and for B it holds that Im(B) = Im(J). Note that Bu is the finite dimensional approximation of the boundary port. The feed-through term D is a skew symmetric matrix and ensures that the output y is representing the boundary values. If we now apply Proposition 4.2.14 of [20] we see that the necessary condition for a system to be asymptotically stabilizable is that Im(J) + Im(B) = R n . This is the case for our system if and only if rank([P 0 , P 1 ]) is full.
If we now apply the results of this lemma to our derived systems we conclude that none of these systems is asymptotically stabilizable; see [26] .
The reason for this is that we assumed a quasi-static electrical field. Although the dynamics of the magnetic field are relatively small compared to all the other dynamics, these dynamics play an important role in terms of stabilizability since one is unable to shape the energy of the electromagnetic domain when assuming a quasistatic electric field, since the neglected magnetic field provides a coupling that may be physically weak but is important for our control purposes. To avoid the discussed problems with stabilization one has two options. The first option is to neglect the electromagnetic domain completely and treat the beam as a purely mechanical system that has a distributed strain actuator. The piezoelectric effect can then be treated as a strain actuator. This approach has been used in several control applications; see, for example, [19, 30] . The second option is to treat a dynamical electromagnetic field, and hence the magnetic field is not neglected anymore. The disadvantage is that the order of the system increases. However, by choosing to model the complete electromagnetic dynamics, we are able to control the electrical field as desired; see [27, 25] . Additionally, one gets a deeper understanding of the underlying physical dynamics.
We continue with deriving the model using the second idea. Hence, we model the full electromagnetic effects.
6. pH modeling of a piezoelectric Timoshenko beam with a dynamic electromagnetic field. We introduce a pH model of a flexible piezoelectric Timoshenko beam with a dynamic electromagnetic field. The difference between this and all other models that we have derived until now is that we assume the magnetic fields to be not equal to zero. To this aim we couple the Timoshenko beam equations which we already derived with Maxwell's equations describing the dynamics of the electromagnetic field.
6.1. Combined energy function and simplification of Maxwell's equations. In this section we show how the total energy function of our beam can be reduced from a volume integral to a line integral. We also show how to derive a 1-D version of Maxwell's equations.
1-D version of Maxwell's equations.
We start with considering a 1-D version of Maxwell's equations. As we have already discussed, we assume that the electrical field between the two electrodes only has a z 3 -component (E 1 = E 2 = 0). We also assume that the electric and magnetic field depend only on z 1 . In all other directions the electric and magnetic fields are assumed to be constant. Hence we can transform Maxwell's equations
where we use the fact that E 1 = E 2 = 0 ⇒Ḃ m,3 = 0 and because E 3 (z 1 ) depends only on z 1 it follows thatḂ m,1 = 0. It holds that B m,2 = μH m,2 and D 3 = e E 3 with μ the permeability and e the permittivity of the piezoelectric material. These equations still hold for any point inside the beam but because we treat a 1-D beam we like to express Maxwell's equations in terms of electric and magnetic variables of the cross section. To do this for the moment we neglect the coupling between the mechanical and electrical domains. First we derive a 1-D expression for the Hamiltonian of Maxwell's equations,
It is well known that the relation between charge and flux of an area and electrical displacement, and B-field penetrating this area, respectively, is given by
where A is the area which is penetrated by the fields. Recall that our E-field only has a z 3 -component. The area which is penetrated by the field consists of the electrodes, which have a surface-normal in the direction of the electrical field. The B m -field only has a z 2 -component. The area which is penetrated by the B m -field is the side of our beam and has a surface-normal opposite to the B m -field. Hence, the charge and flux on the electrodes can be written as follows:
Knowing the relation between charge, flux, and the electromagnetic fields, we can define the following charge and flux distributions on the electrodes of the beam, which are given by
Then the Hamiltonian can be written in terms of charge and flux distribution,
It is well known that the capacitance of a plate capacitor is given by C = . Using the definition of the capacitance distributions and the inductance distributions we can further simplify our energy function to
This model is equivalent to that of a transmission line [9] . The only difference here is that we start with a 3-D representation instead of rewriting the classical transmission line equation into the pH framework. This has the advantage that we can clearly see how the dependency of the geometry and the difference in the material composition have an effect on the capacitance and the inductance. Additionally, we now explicitly observe the effect of changes in the geometry in the two states, the charge q and the flux φ e . For the classical transmission line model only the inductance and capacitance can depend on the change of geometry, which implies that it cannot be determined if a change stems from a change in geometry or from a change of material properties. The variational derivative of the Hamiltonian is given by
In order to write the Maxwell's equations of motion in terms of the flux and charge distribution, we obtain for the first equation of motion
For the second one we obtain ge −geḊ
Note that allthough the equations of motion are very similar to the transmission lines' equations of motion [9] , they describe different dynamics since we assume a constant width, while the electrodes on the beam vary in width. Finally, we have to define the inputs and outputs of the electrical system. As usual for a transmission line we use its boundary ports, where we choose the voltage and current at the left and right sides of the electrode. Note that due to the structure of the piezoelectric beam these boundary ports in the electrical domain are the distributed ports for the piezoelectric beam. If we neglect the coupling between the mechanical and electromagnetic domains, one can write the following distributed pH system with boundary ports which describes the dynamics of the electromagnetic field in the beam: 
where H T is the Hamiltonian of the Timoshenko beam and H e is the Hamiltonian of Maxwell's equations. As constitutive equations we use a transformed version of (2.2) given by
where β = 1 e and h p is a piezoelectric constant. Then the Hamiltonian of the system can be described as
If we now use the definition of the charge and flux distribution we obtain
The variational derivative of the coupled Hamiltonian is then given by
The variational derivative of the Hamiltonian will be used in the next sections to derive the final pH system.
Coupled equations of motion and pH model.
We now derive the coupled equations of motion for the piezoelectric Timoshenko beam. Note that we have already derived the equations of motion for the uncoupled electromagnetic part of our system in section 6.1.1. The equations of motion with coupling can be derived by substituting the electrical field into our constitutive equations. Hence, we obtaiṅ
We see that this part of the equations of motion is independent of the mechanical part, except that the electrical potential energy depends on the deformation of the beam. So, the coupling between the two domains is done via the energy function in contrast to the model derived in section 4. We choose the boundary ports in the same way as in the last section. Next we derive the equations of motion of the mechanical part. This we do again via the extended Hamiltonian principle. The variation of the Hamiltonian is given by δH =ˆV (−ρüδu − σδε) dV, which has to be equal to zero at all times. The kinetic energy is unchanged, so we skip this part and refer to section 4. Again we see that the mechanical equations of motion are only dependent on the mechanical variational derivatives of the Hamiltonian. This is expected, since it means that the interconnection structure of the mechanical part is the same as for a purely mechanical Timoshenko beam (4.8).
Hence, we can state the dynamics of the system in the following pH model: The physical interpretation of the output y is the following. The first component of the output represents the velocity of the beam at position z 1 in direction z 1 , while the second component represents the velocity in direction z 3 at position z 1 . This model fulfills the necessary condition of Lemma 1 to be asymptotically stabilizable since P 1 has full rank, and hence the structure no longer forms an obstacle for control design. For a more detailed discussion of the necessary conditions for asymptotic stabilization and also the design of a controller which can asymptotically stabilize the beam with output measurements, see, e.g., [25, 26, 27] .
Comparison of the two models.
In this section we compare the two infinite dimensional models (4.7) and (6.4) we derived in the previous sections for the dynamics of a piezoelectric Timoshenko beam. The major difference between the two models is that for (4.7) we assume that the electrical field is quasi-static, so the magnetic field is zero, whereas for (6.4) we do not make this assumption. Neglecting the magnetic energy domain of the dynamics yields an interconnection structure which connects the electrical and magnetic domains. Moreover, the energy function has only purely mechanical or purely electrical components and no electromechanical terms. From this we can conclude that the cross coupling between the two physical domains is done via the interconnection structure J. Additionally, neglecting the magnetic energy results in a model which cannot be stabilized by means of active control [26] .
For the derivation of (6.4) we have assumed a dynamic electrical field. As a consequence the magnetic field is not equal to zero. Due to this change the final model basically splits into two at first sight seemingly decoupled equations of motion: the mechanical dynamics (Timoshenko beam) and the dynamics of the electrical field in the transmission line. This effect we see clearly in the interconnection structure where we have no cross coupling between the two energy domains in the interconnection structure. The coupling and energy exchange for this model is actually done in the Hamiltonian, where we now have an electromechanical term. Hence, the cross coupling between the two energy domains is done via the energy function. Additionally, by including the magnetic field the model fulfills a necessary condition for being stabilizable. This is the main reason we prefer (6.4) for further research.
Concluding remarks.
In this paper we have determined a model for a nonlinear Timoshenko beam with piezo actuation in the pH framework. The modeling was done in a pH formulation in such a way that it can be used for an energy-based control method. The achieved model is a nonlinear distributed pH model which can be easily used to represent the dynamics of a piezoelectric composite beam with large deformations. We also modeled the system with quasi-static and dynamic electrical fields. Both models are valid according to standard modeling techniques, but only the latter is suitable for control design.
